To effectively intercept a low-altitude target in clutter background, a nonsingular fast terminal sliding mode guidance law is designed. The designed guidance law can fully exploit the fast convergence characteristics of linear sliding mode control and the finite-time-convergent characteristics of terminal sliding mode control to ensure that the line-of-sight (LOS) angle converges to a desired angle in a limited time at a faster rate. Utilizing the smooth switching characteristics of the hyperbolic tangent function similar to the saturation function, a finite-time-convergent differentiator is designed. Meanwhile, a new finite-timeconvergent disturbance observer designed on the tracking differentiator can effectively track the ideal LOS angular rate, suppress the measurement noise, and make a smooth estimation of the target maneuvering acceleration in clutter background. Combining the estimated value of the disturbance observer, the sign function with switch coefficient is introduced to design a composite nonsingular fast terminal sliding mode guidance law. The simulation results show that the composite guidance law can not only effectively suppress the measurement noise of the LOS angular rate and improve the accuracy of low-altitude target intercepting, but also greatly reduce the energy consumption in the interception process.
Introduction
Interception of a low-altitude target has always been a worldwide challenge in the field of air defense. First of all, in order to improve the performance of the low-altitude target detecting and tracking, it is usually required that the lineof-sight (LOS) angle between the interceptor and the target satisfies a specific angle constraint [1] [2] [3] . Secondly, influenced by earth curvature and ground or sea clutter, low-altitude targets are difficult to detect and discover [4] , which greatly shortens the time for air defense early warning. Therefore, fast response characteristics of the interceptor guidance system are required. Finally, the radar seeker's measurement of the LOS angular rate is susceptible to the multipath effect of the ground or sea surface, resulting in the measurement noise and the great reduction of the guidance accuracy [5] . Although the attack angle can be restricted by the improved proportional navigation (PN) guidance law, the accuracy of intercepting maneuvering targets will be greatly reduced [6] . Bardhan and Ghose designed a differential game guidance law to meet the angle constraint for maneuvering targets [7] . Yu et al. designed an optimal guidance law, which can satisfy the terminal angle constraint based on the principle of the most fuel-saving [8] . However, the guidance laws mentioned above are of poor anti-interference performance and cannot effectively intercept the low-altitude target in the clutter background. Sliding mode control is widely studied because of its good robustness and antijamming performance [9, 10] , whereas the general linear sliding mode (LSM) control only has gradual convergence properties [11] . To solve this problem, Skruch proposed a terminal sliding mode (TSM) control with finite-time-convergent characteristics [12] . But there are still two inherent disadvantages in TSM control: firstly, the singularity problem is easily produced; secondly, the convergence rate of the system state is slower than that of general LSM control. In order to solve the singularity problem, nonsingular terminal sliding mode (NTSM) control is proposed by Cho et al. [13] . What is more, a fast terminal sliding mode (FTSM) control was proposed by Boonsatit and Pukdeboon to solve the problem of slow convergence rate 2 Mathematical Problems in Engineering [14] . However, these two kinds of TSM control cannot solve the above two problems at the same time.
The radar seeker of an interceptor is susceptible to the ground clutter and multipath effects when detecting and tracking the low-altitude target, and measurement noise is easily generated. Current researches on seeker's measurement noise mainly focus on three aspects, that is, filtering [15] , measurement model [16] , and noise estimation [17] . However, the seeker is only regarded as an independent measurement system in the above methods, and the influence of seeker's measurement noise of the whole interception system is not considered. Meanwhile, the influence of measurement noise on the energy consumption during the whole interception process is also neglected. Due to the influence of ground clutter, the maneuvering acceleration of the low-altitude target is difficult to accurate obtained in practice. In most literatures, maneuvering acceleration of the target is usually regarded as an uncertain disturbance, and then a nonlinear disturbance observer (NDO) will be designed to estimate the acceleration of the target. An NDO is designed by Zhen under the premise that the unknown disturbance is a slow variable and its first derivative is zero, but it is too conservative [18] . Xu et al. designed a new NDO on the assumption that the derivative of the disturbance is bounded, which is of limited engineering practicality [19] . Han et al. designed a disturbance observer based on fault estimation [20] . It does not require any information about the disturbance in advance and has broader application prospects, but effective suppression of the measurement noise of the input signal cannot be achieved. To solve the problem, a new tracking differentiator (TD) was designed by Qi et al. It has a good performance to suppress the noise of the input signal, but the first derivative of the input signal is of limited estimation accuracy [21] .
The remainder of this paper is organized as follows. In Section 2, a nonsingular fast terminal sliding mode (NFTSM) guidance law is designed, which has both the finite-time-convergent characteristics of TSM control and the fast response characteristics of LSM control. In Section 3, a finite-time-convergent differentiator (FCD) is designed by introducing a hyperbolic tangent function. Meanwhile, to track the ideal LOS angular rate and estimate the target acceleration in the clutter background, a finite-time-convergent disturbance observer (FCDO) is designed based on the FCD. In Section 4, a composite nonsingular fast terminal sliding mode (CNFTSM) guidance law is designed by introducing the estimated value of the FCDO and the sign function with switch coefficient into the NFTSM guidance law. In Section 5, simulation results to demonstrate the excellent tracking performance of the FCD and the excellent interception performance of the proposed CNFTSM guidance law are shown. Finally, conclusions are drawn in Section 6.
Interception Model for Low-Altitude Targets
An interceptor usually performs a dive attack on the target from a high altitude when intercepting a low-altitude target, in order to enlarge the vision range of the radar seeker for target detection. To design an interception trajectory that satisfies the specific LOS angle constraint, only the interception situation of the longitudinal plane is analyzed. The interceptor as well as the target is regarded as a mass point, and the engagement geometry of the interceptor and the target is shown in Figure 1 [22] .
Assume that the velocity of the interceptor and the target are both constant, and the relative motion equation of the interceptor and the target can be described aṡ
where = − , = − ; and denote velocity of the interceptor and the target, respectively. and denote the flight path angle of the interceptor and the target, respectively.̇anḋdenote the flight path angular rates of the interceptor and target, respectively. The relative range and the range rate between the interceptor and the target are denoted by and. and are the acceleration commands of the interceptor and the target, respectively.
anḋdenote the LOS angle and the LOS angular rate, respectively. Let all angles of the counterclockwise direction be positive.
Differentiate (2) with respect to time and substitute it into (1), (3) , and (4), which yields
where = cos ; = cos .
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Lemma 1 (see [23] 
where ( 0 ) is the initial value of ( ); 0 is the initial time.
In order to more effectively detect and track the target, the LOS angle must be constrained to a specific angle when intercepting a low-altitude target. Meanwhile, the LOS angular rate must converge to near zero to reduce the miss distance. Therefore, the state variables can be selected as
where is the desired LOS angle.
Combining (5) and (7), it can be obtained thaṫ
where
, and = / . The purpose of the guidance law design is to constrain the state variables to zero as much as possible. In order to ensure that the state of the system can be converged to the equilibrium point 1 = 2 = 0 in a limited time with a fast convergence rate, the NFTSM surface can be selected as
where ℎ 1 , ℎ 2 > 0 and ( 1 ) is defined as
−2 , 0 < < 1, and is a small positive constant. The sliding surface designed as (9) is composed of the linear term ℎ 1 1 and the nonlinear term ℎ 2 ( 1 ), which can fully exploit the fast convergence characteristics of LSM control and the finite-time-convergent characteristics of TSM control by choosing appropriate parameters ℎ 1 and ℎ 2 .
Differentiating (9) with respect to time and substituting (8) into it yieldṡ
wherė(
From (12) we can see that the singular problem can be effectively avoided by NFTSM surface design when 1 = 0. In order to further improve the convergence rate of the system, the approaching law of sliding mode is designed aṡ
where 1 , 2 > 0 and 0 < 1 < 1.
Combine (11) and (13) to obtain the NFTSM guidance law as follows:
When the guidance law shown as (14) is applied to intercepting the low-altitude target, it is necessary to measure the LOS angular rate 2 and the target's maneuvering acceleration in high accuracy. However, in the actual clutter background, the measurement value of the LOS angular rate may be disturbed by the multipath effect, and the accompanying measurement noise will further cause the general disturbance observer failing in effective estimation of the target's maneuvering acceleration. Therefore, a new type of disturbance observer needs to be designed, which can not only suppress the measurement noise of the LOS angular rate, but also accurately estimate the acceleration of the target. Following comes the designed FCDO.
FCDO Design
. . FCD Design. If noise of the input signal is regarded as a type of high-frequency chattering, inspired by the saturation function sat(⋅) that can reduce the chattering phenomenon, the differentiator can be constructed with a saturation function to suppress high-frequency chattering of the output, i.e., the differentiator can be insensitive to noise. The hyperbolic tangent function tanh(⋅) has better smooth switching characteristics near the zero point than the saturation function, therefore, measurement noise can be more effectively suppressed.
Combining with the hyperbolic tangent function, a new FCD is designed as follows:
where , 1 , 2 ∈ R + are parameters to be designed; 1 , 2 ∈ R are the state variables; ( ) is an input signal with measurement noise; 1 is a tracking value of ( ) after filtering out the measurement noise and 2 is an estimated value of the first derivative of ( ).
Theorem 2. For system ( ), there exist constants > 0 and
> 2 that make
where ((1/ ) − +1 ) represents the approximation degree between and ( −1) ( ); = (1 − )/ and ∈ (0, min{ /( + 2), 1/2}).
Proof. Consider the following second-order system:
where (⋅) is a continuous function and (0, 0) = 0.
Let 0 < 1 < 2 , and the Lyapunov function is selected as follows:
Differentiating (18) with respect to time and then substituting (17) into it yielḋ
According to the Lagrangian mean value theorem, there must be a variable 1 ∈ [0, 1 ], which satisfies
According to (20) , (19) can be rewritten aṡ
where Ω = 2 2 + 1. Let
where > 0. Equation (22) can be rewritten into the form as follows:
According to > 1 and < , it can be concluded that 0 < < 1. Combine (21) and (22) to obtain thaṫ
Therefore, it can be seen that system (17) satisfies Assumption 1 in [24] . ∀ ̸ = ∈ R, it can be obviously obtained that
which implies
Therefore, Assumption 2 in [24] is set up. Combine (17) and (26) to obtain that
where = max{ 1 , 2 }. Therefore, Assumption 3 in [24] is set up. And Theorem 2 is established if the input signal satisfies Assumption 4 in [24] .
From (16) , it can be seen that the estimation error is the high-order infinitesimal of (1/ ) − +1 . By selecting a sufficiently large design parameter , the estimation error can be arbitrarily small.
. . FCDO Designed Based on FCD.
Based on the new FCD, then a new FCDO is designed to estimate the uncertain disturbance in (8).
wherê2 and̂are the estimated values of 2 and , respectively.
Theorem 3. For system ( ), if
Proof. Two cases are discussed as follows:
(1) If̂2 − 2 = 0, compare the first formula in (8) with that in (28) to get̂− = 0. Thus, Theorem 3 is established (2) If̂2− 2 ̸ = 0, due to → +∞, then tanh(̂/ ) → 0; it can be obtained that
which implies thaṫ
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That is to say,̂is a fast variable relative to
, and thus
Right now, if the variable 2 in (15) is replaced by
+̂and combined with (31), (28) can be obtained; i.e., (28) is a special form of (15) . Then, similar to the proof of Theorem 2, it can be concluded that Theorem 3 is established.
One advantage of the FCDO is that it does not require any information about the disturbance in advance, and there is not any restriction on the first derivative of the disturbance, which can overcome the shortcomings of the conservativeness of the general disturbance observer. Most importantly, noise of the input signal can be well suppressed and the disturbance estimation accuracy is improved. The maneuvering acceleration of the low-altitude target can be regarded as an uncertain disturbance, and thus the maneuvering acceleration can be estimated by FCDO. Because of = / , thuŝ =̂.
Due tȯ1 =̂2, thuŝ1
where 1 (0) is the initial value of 1 and Δ denotes the time interval.
CNFTSM Guidance Law Designed Based on FCDO
Assuming that the target acceleration estimation error satisfies | −̂| ≤ , to effectively suppress measurement noise in the NFTSM guidance law, then the estimated value of FCDO and the sign function with switch coefficient sign(S) are introduced into the NFTSM guidance law shown as (14) to obtain the CNFTSM guidance law as follows:
Theorem 4. When the switch coefficient of the sign function satisfies > , the guidance law shown as ( ) can ensure that the LOS angle converges to the desired angle within a limited time and the LOS angular rate converges to a small neighborhood near zero.
Proof. Considering the stage of approaching the sliding surface, the Lyapunov function is selected as
Differentiating (35) giveṡ
From Lemma 1, we can see that the sliding surface can be reached by the system state in finite time.
In the stage of moving along the sliding surface, when | 1 | > , it can be obtained that
Select the Lyapunov function as
Differentiating (38) giveṡ
From Lemma 1, it can be seen that the state variable 1 can converge into the region | 1 | ≤ within a limited time. Meanwhile, according to (37), the other state variable 2 satisfies
Similarly, when | 1 | ≤ , it can be obtained that
which implies that
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In summary, it can be concluded that the guidance law shown as (34) can ensure that the state variables of the system converge into the following region within a limited time.
Equation (43) indicates that, by adjusting the value of the parameter , the final convergence accuracy of the state variables 1 and 2 can be controlled. The smaller the parameter is, the higher the convergence accuracy is. When is small enough, the state variables will converge into a quite small neighborhood near zero; i.e., the LOS angle can converge to the desired angle.
Simulation and Discussion
Case (verification of FCD performance). To verify the estimation performance of the designed FCD, a comparison between FCD and the following TD is carried out
where ( ) ∈ R is the input signal, ∈ R + is the parameter to be designed, and 1 and 2 are the estimated values of ( ) and( ), respectively. As can be seen from Figure 2 (a), the hyperbolic tangent function tanh(⋅) has better smooth switching characteristics near the zero point than the saturation function sat(⋅), where high-frequency chattering of the output can be more effectively suppressed and this is also the reason for constructing the FCD with the hyperbolic tangent function instead of saturation function. Figures 2(b), 2(c), and 2(d) show that the input signal with noise can be effectively tracked by the FCD designed based on the hyperbolic tangent function, whose ability to suppress the noise is stronger than TD as well. More importantly, the first derivative of the input signal can be estimated by FCD more smoothly and accurately when the measurement noise is a bit large, while TD is poor in estimation performance on the first derivative of the input signal.
Case
(the interception performance of NFTSM and CNFTSM guidance law). In order to verify the excellent interception and noise suppressing performance of the CNFTSM guidance law designed based on FCDO, it is compared with the NFTSM guidance law without disturbance observer designed as (14) .
The energy consumption during the interception process is related to the acceleration response of the interceptor, and the average energy consumption during the interception process can be defined as
where denotes the total number of iterations in the simulation. = 300 m and the effective lethal radius of the interceptor is set as = 3 m based on real engineering applications. The guidance command of the interceptor will become zero when the seeker enters the blind spot, and the interceptor continues to fly by inertia until it hits the target. Meanwhile, due to the limitation of the physical structure, the maximum acceleration response of the interceptor is assumed as 20g, where ≈ 9.8 m/s 2 is the gravitational acceleration. The simulation results of the interception performance are shown in Figure 3 and Table 1 .
As can be seen from Figures 3(c) , 3(d) , and 3(e), when intercepting a low-altitude target, the NFTSM guidance law will be affected by the measurement noise of the LOS angular rate, which will dramatically reduce the interception accuracy and result in the acceleration response of the interceptor being in the switching state between two limit values. In the actual project, it is a huge challenge to the performance of the actuator, and it may even lead to a failure of the power system. Meanwhile, it can be seen from Figure 3 (a) that the interception trajectory of the NFTSM guidance law has a quite large deviation from the ideal interception trajectory. Table 1 shows some poor performance of the NFTSM guidance law in intercepting the low-altitude target in the main following two aspects. Firstly, the terminal miss distance reaches 4.19 m, which is beyond the effective killing radius of the interceptor, so that the low-altitude target cannot be effectively intercepted. Secondly, the average energy consumed in the entire interception process is as high as 15.54 g, accounting for 77.7% of the maximum amplitude of the acceleration response. This is an astonishing consumption ratio, which will dramatically limit the interceptor's flight distance so that its engineering application is greatly limited.
However, compared with NFTSM guidance law, it can be seen from Figures 3(c), 3(d) , 3(e), and 3(f) that the CNFTSM guidance law can effectively suppress the measurement noise of the LOS angular rate due to the introduction of the estimated values of FCDO and can further make a smooth estimation of the target acceleration, which can improve the interception accuracy and ensure that the interceptor effectively intercepts the low-altitude target with an approximately ideal trajectory shown in Figure 3(a) . Meanwhile, as can be seen from Table 1 , the terminal miss distance of the CNFTSM guidance law is only 2.08 m, within the effective lethal radius of the interceptor and so the interceptor can successfully intercept and hit the low-altitude target. Moreover, the average energy consumed during the entire interception process is only 6.55 g, accounting for only 32.8% of the maximum amplitude of the acceleration response, so that the interception accuracy can be greatly improved and the energy consumption can be obviously reduced. Therefore, it has a prospective engineering applicability.
Conclusions
To track and intercept a low-altitude target more effectively, a NFTSM guidance law with fast response characteristics is designed to quickly constrain the LOS angle to a desired angle Mathematical Problems in Engineering 9 within a limited time, 4s. To solve the problem that guidance accuracy reduction and energy loss aggravation caused by measurement noise of the LOS angular rate in the clutter environment, the FCDO is designed to effectively suppress measurement noise of the LOS angular rate and make a smooth estimation of the target's maneuvering acceleration without any prior information about the acceleration. Finally, a CNFTSM guidance law is designed based on FCDO by introducing the estimated values of FCDO and the sign function with switch coefficient, which can effectively suppress measurement noise, reduce the miss distance from 4.19 m to 2.08 m at the end of interception compared with NFTSM guidance law, and greatly improve the interception accuracy. Most importantly, the consumption ratio of energy during the interception process can be greatly reduced from 77.7% to 32.8% compared with NFTSM guidance law. Therefore, the designed CNFTSM guidance law has wider engineering application prospect. Relative range and range rate between the interceptor and target , : Acceleration command of the interceptor and target :
Appendix

Notations
Acceleration of the interceptor normal to the LOS :
Acceleration of the target normal to the LOS ,:
LOSangleanditsrate :
The desired LOS angle ( ),( ): Input signal and its first derivativê 
Data Availability
All the conclusions of this paper are obtained with the MAT-LAB simulation, and the simulation parameters were pointed out in the paper and are available from the corresponding author upon request.
